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Abstrat
An asymptoti expansion for the grand partition funtion of an ideal Bose
gas is obtained for the anonial ensemble with arbitrary number of partiles.
It is shown that the expressions found are valid at all temperatures, inluding
the ritial region. A omparison of the asymptoti formulas for utuations
of the Bose ondensate with exat ones is arried out and their quantitative
agreement is established. PACS: 05.30.Jp, 75.30.Ds, 75.70-i
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u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Introdution
The statistial mehanis of an ideal Bose gas [1, 2℄ is one of the simplest while at
the same time fundamental subjet areas of theoretial physis. The most impressive
result of the theory is the remarkable phenomenon of Bose-Einstein ondensation (BEC),
whih was in fat predited by Einstein [3℄ the aumulation of an unlimited number of
noninterating (and this is also nontrivial) partiles in their quantum ground state. We
note that BEC turned out to be the rst exatly solvable model of a phase transition
and is a demonstration of the possibility of quantum behavior on marosopi sales.
Unfortunately, there are no substanes in nature that satisfy the onditions of BEC in
thermodynami equilibrium. Nevertheless, the idea of the the Bose ondensate has turned
out to be very useful for understanding the essene of suh remarkable physial phenomena
as superuidity and superondutivity and has been fruitful in various oneptual speu-
lations in ondensed matter physis and quantum eld theory.
By the end of the last entury experimental tehnique had been perfeted so muh
that it beame possible to restrain a loud of polarized atoms of hydrogen or alkali metals
in a magneti trap long enough to ool it to very low temperatures (∼ 20 nK . . . ∼ 1 µK )
[4,68℄ as a result, a large number of atoms (∼ 103 in the ase of rubidium and ∼ 105 for
sodium) have been olleted in the lowest-energy quantum state. Although it is understood
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that it is not in a state of thermodynami equilibrium, this is ommonly regarded as the
experimental preparation of a Bose ondensate.
If one has in mind not a strit thermal equilibrium but a quasi-equilibrium, then it is
entirely aeptable to onsider a olletive of some quasipartiles whose mutual interation
is also weak, as a rule, to be a suitable objet for experimental investigation of BEC. As
we know, the ondition for thermal equilibrium here requires that the hemial potential
vanish (µ = 0 ), while the BEC regime orresponds to an inrease of the hemial potential
to the lowest energy level (µ→ ε0 ). In the ase when ε0 is small, an equilibrium gas of
quasipartiles is found at the threshold of Bose ondensation. However, in quasiequilibrium
(e.g., under the inuene of the external pump reating the quasipartiles) it is possible in
priniple to ontrol the hemial potential, inreasing it to values lose to ε0 and thereby
satisfying the neessary onditions for BEC.
One an give examples of phenomena from everyday life in whih the BEC of quasipar-
tiles in essene takes plae. For example, from the standpoint of the quantum theory of
solids, suh proesses as the ringing of various vessels, the sounding of tuning forks, et.,
that are just the BEC of phonons pumped by the striking impat or, in other words,
the preparation of a phonon Bose ondensate, whih, in turn, generates oherent sound
emission. Remarkably, all this ours at normal temperatures and so does not require
any speial experimental ontrivanes. At the same time, serious eorts ontinue to be
made in the investigation of the BEC of suh quasipartiles as exitons and biexitons in
semiondutors [9℄ and magnons in ertain lasses of quantum magnets [10℄. Perhaps the
most impressive are the reent results of Demokritov and o-authors [11℄ with mirolms of
yttrium iron garnet. Their Mandelstam-Brillouin sattering experiments leared revealed
a resonane peak in the spetral density of the distribution of magnons over states as a
funtion of frequeny in the viinity of the minimum energy of the orresponding energy
spetrum upon an inrease of pumping below a ertain threshold value. These experiments
might be desribed as having reated an analog of the magnon tuning fork, and at high
(room) temperatures.
Although it an be said that our present understanding of the various properties of
Bose ondensates of partiles and quasipartiles is adequate, a number of unanswered
questions remain, in partiular, in regard to utuations of some observable quantities.
This pertains primarily to systems of nite size or with a nite number of ondensing
partiles, when the very onept of thermodynami limit beomes problematial. Here it
should be mentioned that the samples used in experiments on BEC are not only nite but
usually small in size. If the spatial dimensions of the system are nite, then the statistial
mehanis of the Bose gas is substantially ompliated. In partiular, the onept of
equivalene of anonial ensembles loses meaning. We note here that in the BEC regime,
inequivalene of ensembles is manifested even in the thermodynami limit. Some nite-size
eets for a Bose gas in a box were disussed in [12℄. The poor behavior of utuations
of the ondensed partiles desribed in the framework of the grand anonial ensemble
(GCE) prompted the authors of [12℄ to draw the radial onlusion that this ensemble
is unsuitable for desribing any real physial system undergoing BEC. We add that the
entropy also behaves poorly in the GCE - as the temperature goes to zero it does
not go to zero in aordane with the Nernst theorem but, on the ontrary, diverges
(logarithmially) when the number of partiles N → ∞ . However, the GCE, beause of
its simpliity, is extremely onvenient for onrete alulations; moreover, the behavior of
suh quantities as, e.g., the number of partiles in the ground state, N0 , or the spei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heat does not dier in alulations using dierent ensembles.
The experimental study of BEC in traps has revived the theoretial researh on
dierent aspets of the statistial mehanis of Bose systems [13℄ [23℄. This is primarily
beause of the fat that until then attention had mainly been devoted to a spatially
homogeneous gas found in a ertain volume. In the traps that were atually used the gas
is inhomogeneous, and therefore the results obtained previously for a homogeneous Bose
gas in a box an be reprodued for a trap by onsidering it to be a potential well with a
harmoni law of spatial onnement, i.e., basially reduing the problem to a system of
N osillators.
Their partition funtion in the GCE (the grand partition funtion) is trivial to alulate.
In the anonial (CE) and miroanonial (MCE) ensembles the orresponding partition
funtions are expressed in terms of ontour integrals of the grand partition funtion.
Therefore for not too large a number of partiles and not very high energy, if one is
talking about the MCE, the partition funtion of the Bose system an be alulated to
any desired auray by the residue theorem or numerial integration. As to the analytial
alulations of the partition funtion in the CE and MCE, one usually uses the saddle-
point (steepest desent) method. However, as was shown in [12℄, for example, that method
is inappliable in the most interesting region - the neighborhood of the BEC, where the
orretions to the main ontribution do not fall o with inreasing number of partiles in
the system.
A number of alulations have been done to investigate the thermodynami properties
of nite Bose systems in dierent statistial ensembles. In partiular, in [13℄ the dierene
between the behavior of the number of ondensate partiles N0 and also their utuations,
alulated for a harmoni trap with the use of the GCE or CE when the total number of
partiles varied in the range 102 ≤ N ≤ 106 . In [14℄, whih was devoted to a omparison
of the results of an exat alulation in the MCE write approximate results obtained by
the saddle-point method, it was noted that these results dier substantially preisely in
the neighborhood of the BEC point.
Nevertheless, to this day there is no onvenient analytial representation for the
partition funtion in the CE and MCE whih would orrespond well enough to the BEC
regime. The goal of the present study is to remedy this. In Se. I we introdue the neessary
notation and denitions and also obtain an analytial expression for the average number of
partiles N0 on the ground level under the ondition N0 ≫ 1 . In the Se. II we alulate
the partition funtion in the CE by the saddle-point method with the rst orretion
taken into aount. In Se. III we analyze why the domain of appliability of the saddle-
point method is limited to temperatures T > TBEC ; here by isolating the singularity
orresponding to the ground level, we derive an expression valid for T < TBEC as well. In
Se. IV we propose a method of asymptoti expansion of the partition funtion in the CE
in inverse powers of the number of partiles, whih works both above and below the BEC
temperature. On the basis of the representation obtained, we alulate the utuations of
the Bose ondensate and demonstrate the quantitative agreement with the exat result
down to very small values of the number of partiles in the system. In the Conlusion we
disuss the BEC temperature for a harmoni trap and a box and also the dierene of
the mathematial mehanism of formation of the ritial point in the GCE and CE.
3
1 Grand Canonial Ensemble
A stationary quantum system onsisting of N noninterating partiles is known to be
ompletely haraterized by the onguration [n] = {n0, n1, n2, . . .} , where nk = 0, 1, 2, . . .
is the number of partiles in the k th quantum states ( (k = 0, 1, 2, . . .) Aording to
the preepts of statistial mehanis, the (time) average of an observable quantity A
in a nonstationary system oinides with to the average over an ensemble of stationary
systems. An ensemble is determined by the distribution funtion ρ[n] . Then
A = Z−1
∑
[n]
ρ[n]A[n] , (1.1)
where the normalizing oeient Z (the partition funtion) has the form
Z =
∑
[n]
ρ[n] . (1.2)
In the desription of an ideal Bose gas one generally uses the GCE, with a distribution
funtion
ρ[n] = e
P
k
nk(µ−εk)/T
, (1.3)
where T is the temperature, µ is the hemial potential, and εk is the single-partile
energy of the k th state. Here and below we have set Boltzmann's onstant kB = 1 . Sine
ρ[n] (1.3) is fatorized with respet to the dependene on the oupation numbers nk ,
the summation over ongurations [n] is trivial to do. In partiular, the average number
of partiles in the k th state
nk = Z
−1
∑
[n]
ρ[n]nk =
∞∑
n=0
n en(µ−εk)/T
∞∑
n=0
en(µ−εk)/T
=
1
e(εk−µ)/T − 1 . (1.4)
The funtion on the right-hand side of (1.4) speies the average oupation number and,
hene, is a onstituent element of the expressions for the majority of thermodynami
quantities (and not only in the GCE), and it is deviate to use a speial notation for it:
nk =
1
e(εk−µ)/T − 1 =
1
e(εk−ε0)/T (1 + n−10 )− 1
. (1.5)
With the use of (5) the partition funtion (1.2) is expressed as the produt (1.5)
Z =
∞∏
k=0
(nk + 1) . (1.6)
The independent variables in the GCE are assumed to be T and µ . However, as follows
from Eq. (1.5), they ould be onsidered to be the temperature and the number of partiles
n0 in the (ground) state with the lowest energy ε0 , whih failitates the analysis of the
dierent regimes of the GCE.
We write the average value of the total number of partiles in the form
N =
∞∑
k=0
nk = n0 +Nex(n0,T ) , (1.7)
4
where
Nex(n0, T ) ≡ Nex =
∞∑
k=1
nk (1.8)
is the average number of partiles in the exited states. If the value of N is xed, then
all the numbers nk exept n0 fall with dereasing temperature (nk 6=0 = 0 at T = 0 ),
and n0 grows to n0 = N at T = 0 . We denote by n˜k the maximum possible value of
the average oupation number at a given temperature, i.e., the value of nk of Eq. (1.5)
for n0 →∞ (or, equivalently, µ = ε0 ):
n˜k =
1
e(εk−ε0)/T − 1 . (1.9)
Then for n0 ≫ 1 for the number nk speied by Eq. (1.5) one an limit onsideration to
the expansion
nk ≃ n˜k − n˜k(n˜k + 1)
n0
, (1.10)
whih, in turn, redues Eq. (1.7) for n0 to a simple quadrati equation:
N = n0 + N˜ex − δN˜
2
ex
n0
, (1.11)
in whih
N˜ex =
∞∑
k=1
n˜k , δN˜
2
ex =
∞∑
k=1
n˜k(n˜k + 1) (1.12)
is the maximum possible number of partiles in exited states and its mean-square utu-
ation. We note that the quantities marked with a tilde are funtions of temperature only.
The solution of equations (1.11) with respet to n0 is denoted as
N0(T ) =
1
2
(
N − N˜ex +
√
(N − N˜ex)2 + 4δN˜2ex
)
, (1.13)
whih we shall all the Bose ondensate. This terminology is onditional in the sense that
one is onsidering a problem outside the thermodynami limit, with a nite total number
of partiles N . It follows from the denitions (1.9) and (1.12) that N˜ex(T ) and δN˜
2
ex(T )
are monotonially inreasing funtions of temperature. We denote by Tc the temperature
at whih N˜ex is equal to N , whih orresponds to
N˜ex(Tc) = N . (1.14)
If δN˜2ex ≪ (N − N˜ex)2 , and this holds for T 6= Tc and N ≫ 1 , then the behavior
of solution (1.13) in the limit N → ∞ aquires a stepped harater. For dierent
temperature regions, both below Tc , where N > N˜ex , and above Tc , where N < N˜ex ,
the asymptoti behavior of N0(T ) at large but nite N has the simple form
N0(T ) =

N − N˜ex, T < Tc,
δN˜ex, T = Tc,
δN˜2ex/(N˜ex −N), T > Tc
. (1.15)
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The value of Tc at whih the hange of regime (the rossover) in the behavior of N0(T )
ours an be regarded as a generalization of the temperature TBEC to the ase of a nite
number of partiles in the system. We reall that Eq. (1.11) is approximate, in aordane
with the ondition n0 ≫ 1 . In the opposite ase, when n0 ≪ 1 (the Boltzmann limit),
Eq. (1.7) gives the simple depends
N0(T ) ≃ N
1 +Q(T )
, Q(T ) =
∞∑
k=1
e−(εk−ε0)/T , (1.16)
whih attest to the lassial behavior of the Bose systems under onsideration.
Independently of the number of partiles n0 in the ondensate the fatorized harater
of the distribution funtion (1.3) in the GCE is onditional upon the absene of any
orrelations between partiles of the Bose gas in dierent quantum states. This has the
onsequene
nknl = nk · nl . (1.17)
The average of the square (and higher powers) of the number of partiles in the k th state
is alulated in analogy with Eq. (1.4):
n2k = 2n
2
k + nk , (1.18)
from whih the mean-square deviation (or, in other words, the mean-square utuation)
is easily alulated and has the form
δn2k = n
2
k − nk2 = nk(nk + 1). (1.19)
Taking Eq. (1.17) into aount, we write the square of the utuation of the total number
of partiles as
δN2 = δn20 + δN
2
ex, δn
2
0 = n0(n0 + 1), δN
2
ex =
∞∑
k=1
nk(nk + 1). (1.20)
For T < Tc the value n0 ∼ N , and the square of the utuation of the number of
ondensed partiles is
δn20 = n0(n0 + 1) ∼ N 2. (1.21)
Thus the relative utuation (δn20/N)
1/2
grows with inreasing number of partiles in the
system, and this is the basis for the widespread assertion that the utuations diverge
below the BEC point (see, e.g., [2℄).
We note in this regard that the desription of the BEC in the framework of the GCE
annot be onsidered quite orret, if for no other reason that it expliitly violates the
Nernst theorem. Indeed, the entropy of the GCE is expressed in terms of the average
oupation number as
S =
∑
k
[(nk + 1) ln(nk + 1)− nk lnnk]. (1.22)
In the region T ≪ Tc , where n0 ≫ 1 and nk 6=0 ≪ 1 , it beomes equal to the entropy of
the Bose ondensate:
S ≃ (n0 + 1) ln(n0 + 1)− n0 lnn0 ≃ ln(n0 + 1) + 1.
When T → 0 , the entropy S ≃ lnN , i.e., not only does it not go to zero but it diverges
with inreasing number N . As will be seen below, in the anonial ensemble there is no
problem with a divergene of the utuations nor with the entropy.
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2 Canonial Ensemble
The main dierene between the CE and GCE is that the total number of partiles in the
CE is rigidly xed: N =
∞∑
k=0
nk = n0 +Nex . From this it follows diretly that
n0 = N −N ex, (2.1)
(n0 − n0)2 = (Nex −N ex)2, (2.2)
i.e., the utuation of the Bose ondensate does not dier from the utuation of the total
number of partiles in exited states, or
δn0 = δNex. (2.3)
It is essential here that in the CE the average number of partiles in the k th state is not
equal to the average oupation number, determined in Eq. (1.5), and the noninterating
partiles in dierent quantum states (in ontrast to the GCE) are orrelated with eah
other.
The utuation of the Bose ondensate in the CE an be estimated starting from the
following qualitative arguments. For T > Tc the number n0 ≪ N . Therefore, onsidering
the Bose ondensate as a small subsystem, one an suppose that a desription of it in
the framework of the GCE is valid. Consequently, for T > Tc the following relation also
holds in the CE [see Eq. (1.19)℄:
δn20 ≃ n0(n0 + 1). (2.4)
When T < Tc , however, the small subsystem beomes the partiles above the ondensate,
and now the mean-square utuation of their number in the CE an be desribed by the
expression
δN2ex ≃
∞∑
k=1
nk(nk + 1). (2.5)
Doing a simple interpolation of expressions (2.4) and (2.5) with (2.3) taken into aount,
we nd that
δn20 = δN
2
ex =
n0(n0 + 1)
∞∑
k=1
nk(nk + 1)
∞∑
k=0
nk(nk + 1)
. (2.6)
Below we ompare this phenomenologial expression with the expression alulated diretly
in the CE.
For this we dene the distribution funtion in the CE [f. Eq. (1.3)℄
ρ[n] = e
−
P
k
nkεk/T
δ(N −
∑
k
nk). (2.7)
The property of fatorization of ρ[n] is lost beause of the presene of the δ -funtion on
the right-hand side of Eq. (2.7), so that in omparison with the GCE the alulation of the
partition funtion and the averages of the observables is ompliated. Fatorizability an
be easily restored, however, and the summation over ongurations [n] an be redued to
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a summation over independent nk if one uses the integral representation of the Kroneker
δ -funtion:
δ(m) =
1
2π
π∫
−π
dx eixm. (2.8)
Then, substituting (2.8) into (2.7) and hanging the sequene of summation and integration,
we arrive at the following representation for the partition funtion:
Z =
1
2π
π∫
−π
dx eixN
∑
[n]
e
−
P
k
nk(εk/T+ix)
=
1
2π
π∫
−π
dx eixN+W (−ix) , (2.9)
where
W (−ix) = −
∑
k
ln(1− e−εk/T−ix),
or, denoting x as iν ,
W (ν) =
∞∑
k=0
ln(nk + 1), nk =
1
eεk/T−ν − 1 . (2.10)
A omparison of Eqs. (2.10) and (1.6) shows that the funtion W (ν) is the logarithm of
the partition funtion in the GCE if one sets ν = µ/T . Thus in the CE the averages of
physial quantities are just the ratios of the orresponding integrals of the same averages
found in the GCE. This, on the one hand, establishes a denite relation between the
two statistial ensembles and, on the other, allows one to use the initial [see Eq. (1.5)℄
denition for the number of Bose partiles in eah of the states. However, in them the
average in the CE an also be expressed in terms of derivatives of the partition funtion.
For example, in the simplest ase of a nondegenerate spetrum εk we have
nk = Z
−1
∑
[n]
ρ[n]nk = −Z−1T ∂
∂εk
∑
[n]
ρ[n] = −T ∂ lnZ
∂εk
, (2.11)
δn2k = −T
∂nk
∂εk
. (2.12)
At large N the integral on the right-hand side of Eq. (2.9) an be evaluated by the
saddle-point method, whih leads to the following asymptoti expansion:
Z =
eW (ν)−νN√
2πW ′′(ν)
(1 + z1 + z2 + · · · ). (2.13)
Here ν denotes the saddle point nearest to the origin of oordinates in the omplex
x -plane (xs = iν) , the equation for whih has the form
W ′(ν) =
∞∑
k=0
nk = N. (2.14)
In the leading asymptoti approximation the logarithm of the partition funtion in the
CE has the following simple form:
lnZ = W (ν)− νN − 1
2
ln[2πW ′′(ν)]. (2.15)
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The ontributions zj in Eq. (2.13) are expressed in terms of ratios of the derivatives of
the funtion W (ν) of the type
[W (l)(ν)]m[W (k)(ν)]n
[W ′′(ν)]m+n+j
. (2.16)
If the funtion W (ν) and its derivatives are large, W (l)(ν) ∼ N , and this is the ase at
least in the region T > Tc and N ≫ 1 , then the ratios (2.16) and the ontributions zj
have order of smallness O(N−j) . Thus for the rst orretion we nd:
z1 =
W (4)(ν)
8[W ′′(ν)]2
− 5[W
′′′
(ν)]2
24[W ′′(ν)]3
= O(N−1). (2.17)
We take the derivative of the oupation number (2.10) with respet to εl :
T
∂nk
∂εl
= nk(nk + 1)
(
T
∂ν
∂εl
− δkl
)
. (2.18)
The derivative of the saddle point ν with respet to εl is evaluated by dierentiating
Eq. (2.14):
T
∂ν
∂εl
=
nl(nl + 1)
W ′′(ν)
. (2.19)
Now with the aid of Eqs. (2.11), (2.15), (2.18), and (2.19) we nd the average value of
the number of partiles in the k th state,
nk = nk − nk(nk + 1)
2W ′′(ν)
(
2nk + 1− W
′′′
(ν)
W ′′(ν)
)
. (2.20)
In partiular, for the average number of partiles in the ground state (2.11) we obtain
n0 = n0 − n0(n0 + 1)
2W ′′(ν)2
[
(2n0 + 1)V
′′(ν)− V ′′′(ν)], (2.21)
where V (ν) denotes the sum over only the exited states,
V (ν) = W (ν)− ln(n0 + 1) =
∞∑
k=1
ln(nk + 1). (2.22)
nally, dierentiating n0 with respet to ε0 [see Eq. (2.12)℄, we arrive at an expression
for the mean-square utuation of the Bose ondensate:
δn20 = δ1 + δ2 + δ3 , (2.23)
with the leading ontributions
δ1 =
n0(n0 + 1)V
′′(ν)
W ′′(ν)
, (2.24)
δ2 =
δ1
2W ′′(ν)2
{
(2n0 + 1)V
′′′
(ν)− (6n20 + 6n0 + 1)V ′′(ν) + (2.25)
+
2n0(n0 + 1)(2n0 + 1)
W ′′(ν)
[
(2n0 + 1)V
′′(ν)− V ′′(ν)]} ,
δ3 =
n20(n0 + 1)
2
2W ′′(ν)3
{
(2n0 + 1)V
′′′
(ν)− V (4)(ν)− (2.26)
− 2V
′′′
(ν)
W ′′(ν)
[
(2n0 + 1)V
′′(ν)− V ′′′(ν)]} .
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In the temperature region T > Tc the ondensate is dilute, n0 ≪ N , and, aordingly,
δ1 ≃ n0(n0 + 1), δ2 ∼ δ1
N
, δ3 ∼ δ
2
1
N2
. (2.27)
We note that the phenomenologial formula (2.6) for the utuation of the Bose ondensate
oinides with the leading asymptoti ontribution δ1 (2.24).
An exat expression for the partition funtion is given by the single integral (2.9),
whih for not too large N is easily found numerially. It is interesting here to ompare
the exat expression for the utuations with its asymptoti behavior given by formulas
(2.23)(2.26). Suh a omparison, however, is impossible to do in general form, sine the
quantitative alulations require speifying the expliit form of the funtion W (ν) , whih,
in turn, depends on the onrete form of the energy spetrum εk . Let us nd it for the
ase of alkali metal atoms in magneti traps.
Experiments on ooling of a large number of alkali metal atoms (N ≃ 103 . . . 104) are
interpreted as the experimental realization of BEC. The partiles are onned in the traps
by a potential v(r) , the exat dependene of whih on the distane r is, gives speaking,
unknown, but for theoretial analysis usually a quadrati (harmoni) approximation is
used. As a result, the problem of BEC redues, as we have said, to a alulation of the
partition funtion of a system of linear osillators. The spetrum εl and the spetral
density gl (oeient of degeneray) of the three-dimensional isotropi osillator has the
simple form
εl = ~ω
(
l + 3
2
)
, gl =
1
2
(l + 1)(l + 2), l = 0, 1, 2, . . . , (2.28)
g(ε) =
1
2
(
ε2
~2ω2
− 1
4
)
, ε0 =
3
2
~ω.
We point out that in Eq. (2.28) the index l enumerates the energy levels and not quantum
states, whih are enumerated by the index k introdued previously. At high temperatures
(T ≫ ε0) the series expressions for the funtion W (ν) and its derivatives onverge slowly.
It is shown in the Appendix how to improve their onvergene and to obtain expressions
onvenient for numerial alulations.
The equation for the rossover point in the CE diers from the equation (1.14) in the
GCE by only the replaement of N by N , i.e.,
N˜ex(Tc) = N. (2.29)
It follows from denitions (1.12) and (2.14) that N˜ex = W
′( ε0
T
) − n˜0 . Then, using for
W ′(ν) the asymptoti expansion [Eq. (A.21) in the Appendix℄ for high temperatures
τ = T/~ω ≫ 1 , we write the following expansion for N˜ex :
N˜ex = τ
3ζ(3) +
3
2
τ 2ζ(2) + τ ln τ +O(τ), (2.30)
where ζ(j) is the Riemann ζ -funtion. From it we an nd the solution of equation (2.29)
that determines the rossover point τc in the form of an expansion in inverse powers of
N . In the leading approximation we denote this solution as
τBEC ≡ TBEC
~ω
=
[
N
ζ(3)
]1/3
. (2.31)
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Now, knowing equation (2.31), we nd for τc from (2.29) and (2.30)
τc
τBEC
=
Tc
TBEC
= 1− 1
ζ(3)τBEC
[
ζ(2)
2
+
ln τBEC
3τBEC
]
+O(τ−2BEC). (2.32)
It is seen from expressions (2.31) and (2.32) that the rossover temperature Tc is
below the ondensation temperature TBEC for a Bose gas in a trap. We note that for a
Bose gas in a box the situation is the opposite, Tc > TBEC .
Expressions (2.31) and (2.32) with the known numerial values of the ζ -funtion in
them easily onvine one that even for a number of partiles of the order of 103 the
ondensation temperature Tc is only 6 times greater than the ground-state energy ε0 .
This is a diret indiation that the ondensation phenomenon observed in the experiments
mentioned is of a mirosopi (or, in any ase, mesosopi) rather than marosopi
harater. This asts doubt on whether the ondensation of several thousand partiles
an be regarded unambiguously as BEC, the main feature of whih, stritly speaking, is
the appearane and manifestation of quantum properties in marosopi phenomena or
objets.
Without denying, of ourse, the presene of the phenomenon of BEC itself in magneti
traps, we would nevertheless like to say that, in our view, the results set forth in this
Setion are evidene that the ondensation of alkali metal atoms observed in the experiments
is more of a nanophysial harater.
In Fig. 1 we show graphs of the utuations of the Bose ondensate in the ase of their
exat alulation,
δn20 = T
2 ∂
2 lnZ
∂ε20
and their approximate alulation (2.23)(2.26). It is seen that the asymptoti expressions
represented by Eq. (2.23) and the orretions to it do not adequately reprodue the urve
of the numerial alulation.
3 Bose-Einstein Condensation Region T < Tc
Let us onsider in more detail the low-temperature region, where one an more or less
denitely talk about the presene of a Bose ondensate. As we have said (see Fig. 1),
here the disrepany between the exat and asymptoti values of the utuations are
signiant. The reason is not hard to understand. The fat is that in the region T < Tc the
evaluation of integral (2.9) by the straightforward saddle-point method does not atually
give the asymptoti expansion in inverse powers of N : the terms z1 , z2, . . . in Eq. (2.13)
do not fall with inreasing N . The ontributions of the ground term w0 to the sum
W (ν) =
∞∑
k=0
wk (2.10) and its derivatives with respet to ν are:
w0 = ln(n0 + 1), w
′
0 = n0, w
′′
0 = n0(n0 + 1), w
′′′
0 = n0(n0 + 1)(2n0 + 1).
Sine for T < Tc the p th order derivative w
(p)
0 ∼ np0 ∼ Np , for the rst orretion,
e.g., we have
z1 ≃ 1
8
n0(n0 + 1)(6n
2
0 + 6n0 + 1)
n20(n0 + 1)
2
− 5
24
n20(n0 + 1)
2(2n0 + 1)
2
n30(n0 + 1)
3
≃ − 1
12
.
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èñ. 1: The dependene on temperature t = T/TBEC of the relative utuation of the Bose
ondensate δn20/N . The irlets denote the results of a numerial alulation of the integral in
Eq. (2.9). Curve 1 is the leading ontribution to the asymptoti expansion (2.23), urve 2 is with
the next orretion to Eq. (2.23) taken into aount, and urve 3 is the asymptoti expansion
(4.11), (4.14).
It is not hard to show that the other ontributions zj in (2.13) not only do not fall with
inreasing N but even grow with inreasing j . Nevertheless, the problem of singular
behavior of the ontributions orresponding to the ground state an be solved as follows.
We denote by U(−ix) the exponent of the integrand in Eq. (2.9):
U(−ix) = ixN +W (−ix). (3.1)
It follows from the denition of W (ν) [see Eq. (2.10)℄ that the funtion U(−ix) is singular
at the points xl = iεl/T , and its real part goes to innity at these points. Of ourse, the
funtion U(−ix) reahes its minimum value at points iνl lying along the imaginary axis
between eah pair of singular points:
U ′(νl) = 0,
εl−1
T
< νl <
εl
T
.
The behavior of the funtion U(ν) in the viinity of the rst singularity x0 is shown
shematially in Fig. 2.
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èñ. 2: Behavior of the funtion U(ν) in the viinity of ν = ε0/T .
The depth of the minimum of the funtion U(ν) at the saddle points ν0 and ν1
depends on temperature: U(ν0) < U(ν1) for T > Tc and, oppositely, U(ν0) > U(ν1) for
T < Tc . Therefore for an optimal estimate of the integral (2.9) for T < Tc the integration
ontour must be deformed so that it passes through the saddle point xs = iν1 , as shown
in Fig. 3. At the point x0 the funtion exp[U(−ix)] has a simple pole. The ontribution
from this pole to the integral (2.9), whih we denote Z0 , is equal to the residue of the
integrand there:
lnZ0 = −Nε0
T
+ V
(
ε0
T
)
, (3.2)
where the divergene V (ν) is dened in Eq. (2.22). The ontribution of the integral along
the ontour C has the form
Z1 =
1
2π
∫
C
dx eU(−ix) ≃ e
U(ν1)√
2πU ′′(ν1)
. (3.3)
We note that, as a onsequene of the periodiity of the funtion W (ν) , i.e.,
W (ν + 2πi) = W (ν),
the ontributions from the parts of the integration ontour along the ray [−π, −π+ i∞)
and [π, π + i∞) , being equal in magnitude and opposite in sign, anel eah other out.
Furthermore, it is easy to see from expressions (3.2) and (3.3) that for T < Tc and N ≫ 1
the ratio of the integrals Z1/Z0 is exponentially small, and therefore the partition funtion
in the BEC regime is given by the exeedingly simple expression (3.2). It follows from
that expression, in partiular, that the entropy
S =
∂ ln(T lnZ0)
∂T
=
∞∑
k=1
[ln(n˜k + 1) + n˜k(εk − ε0)/T ] ,
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èñ. 3: Integration ontour for the integral in Eq. (2.9) for T < Tc .
goes to zero at T → 0 , as it should.
4 Modied Asymptoti Expansion
of the Partition Funtion
The most interesting region, but the hardest for alulations, is the ritial neighborhood
of Tc . Here the ontributions of Z0 and Z1 are of the same order of magnitude, and
the utuations are maximal. To obtain the orret asymptoti expansion of the integral
(2.9) in inverse powers of the number of partiles N we propose the following approah,
onsisting of several steps.
i) In the rst step we separate out expliitly the rst singular term in the integrand
of (2.9):
Z =
1
2π
π∫
−π
dx eU(−ix)
2 sh
(
ε0
2T
+ ix
2
) , (4.1)
where, in ontrast to (3.1), the funtion U(-ix) here has a dierent form:
U(−ix) = ε0
2T
+ ix(N + 1
2
) + V (−ix). (4.2)
The saddle point xs = iν for the funtion (4.2) satises the equation [f. Eq. (2.14)℄
V ′(ν) = N + 1
2
. (4.3)
ii) In the seond step we make the hange of integration variable x→ u :
u2 = U(ν)− U(−ix) = V (ν)− V (−ix)− (ν + ix)(N + 1
2
), (4.4)
2u du = iU ′(−ix) = i[V ′(−ix) −N − 1
2
]. (4.5)
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iii) Finally, we deform the integration ontour in the x -plane so that it passes through
the saddle point along the line of steepest desent, whih is determined by the equation
Im[U(−ix)] = 0.
As a result of these steps we an transform the integral in (4.1) to a form in whih
Z = Z0 + Z1, (4.6)
Z0 =
eU(ν)
2π
∞∫
−∞
du e−u
2
v + iu
, (4.7)
Z1 =
eU(ν)
2π
∞∫
−∞
du e−u
2
f(u), (4.8)
and denote by iv the value of the variable u , dened in Eq. (4.4), orresponding to the
point x = iε0/T :
v2 = U( ε0
T
)− U(ν) = V ( ε0
T
)− V (ν)− ( ε0
T
− ν)(N + 1
2
). (4.9)
The funtion f(u) in the integrand of (4.8) is analyti in the neighborhood of the
point u = iv :
f(u) =
u
iU ′[−x(u)]
1
sh[ ε0
2T
+ ix(u)
2
]
− 1
v + iu
, (4.10)
where the funtion x(u) in (4.10) is determined by Eq. (4.4). The integral in (4.7) an
be expressed in terms of the error funtion:
Z0 =
1
2
eU(ν)+v
2
Erfc (v) = 1
2
eV (ε0/T )−Nε0/TErfc (v), (4.11)
whih satises the well-known equations [24℄
Erfc (v) =
2√
π
∞∫
v
dx e−x
2
, Erfc (0) = 1, Erfc (−∞) = 2, Erfc (−v) = 2− Erfc (v),
(4.12)
and, for v ≫ 1 , it has the asymptoti expansion
Erfc (v) =
e−v
2
v
√
π
(
1− 1
2v2
+
3
4v4
+O(v−6)
)
. (4.13)
We nd an approximate value of the integral (4.8) by expanding the funtion (4.10)
in a Taylor series at the point u = 0 :
Z1 =
eU(ν)
2
√
π
[f(0) + 1
4
f ′′(0) + · · · ]. (4.14)
It follows from Eq. (4.5) that dx/du = −2iu/U ′(ix) . Ultimately we obtain for the funtion
f(u) and its seond derivative at the point u = 0
f(0) =
1√
2V ′′(ν) sh( ε0
2T
− ν
2
)
− 1
v
,
f ′′(0) =
2
v3
− 2
[2V ′′(ν)]3/2 sh( ε0
2T
− ν
2
)
× (4.15)
×
[
1
sh2( ε0
2T
− ν
2
)
− V
′′′
(ν)
V ′′(ν)
coth(
ε0
2T
− ν
2
) +
5
6
(
V
′′′
(ν)
V ′′(ν)
)2
− V
(4)(ν)
2V ′′(ν)
+
1
2
]
.
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In the limit T → Tc we have ν → ε0/T , v → 0 . Then, resolving the unertainty
(∞ −∞) at the point v = 0 , we obtain from (4.15) for the rossover region
f(0) =
V (
′′′)(ν)
3
√
2[V ′′(ν)]3/2
,
f ′′(0) =
V
′′′
(ν)
3
√
2[V ′′(ν)]5/2
[
1− 35
9
(
V
′′′
(ν)
V ′′(ν)
)2
+
5V
′′′
(ν)
V ′′(ν)
− 6V
(5)(ν)
5V ′′′(ν)
]
.
(4.16)
The ontributions f(0) , f ′′(0) , and their ratio f ′′(0)/f(0) all fall o with inreasing N .
The power of the derease of the ratio f ′′(0)/f(0) depends on the asymptoti behavior
of the derivatives V (p)(ν) , whih, in turn, is determined by the onrete form of the
spetrum εl or the spetral density gl as funtions of l . For the quadrati onning
potential onsidered in the Appendix, the derivatives V (p) ∼ N for p < 3 , V (3) ∼ N lnN
and V (p) ∼ Np/3 for p > 3 . It follows from this that representations (4.11) and (4.14) for
the ontributions to the partition funtion are indeed asymptoti expansions in inverse
powers of N for all temperatures, inluding the ritial temperature region T ∼ Tc .
As we see from Figs. 2 and 4, even at relatively small numbers of partiles (as low as
N ∼ 100 ) the disrepany between the exat expressions for the utuations of the Bose
ondensate and the approximate expressions orresponding to the representation of the
partition funtion in Eqs. (4.6), (4.11), (4.14), and (4.15) is indisernable on the graphs.
It an be shown that at a temperature below Tc the given representation oinides with
the asymptoti expression (3.2), and for T > Tc it goes over to (2.13).
The ritial region is determined by the ondition
|Erfc (v)− 1| 6 ǫ, ǫ≪ 1. (4.17)
For example, setting ǫ = 10−1 , we nd from (4.17) the boundary value vǫ = 1.16 and,
using the asymptoti approximation for V (ν) [see Eq. (A.21) in the Appendix℄, we obtain
for the ritial temperature region |T − Tc| 6 ∆T
∆T
TBEC
=
∆τ
∆τBEC
= vǫ
(
2
ζ(2)
)1/2(
ζ(3)
N
)1/3
≃ 1
N1/3
. (4.18)
It is seen from Eq. (4.18) that this region narrows extremely slowly with inreasing partile
number. In other words, the thermodynami limit is reahed at very large partile numbers
N & 106 . Figure 5 illustrates the evolution of the relative utuation of the density of
the Bose ondensate as the total number of partiles in the system is varied. The urves
shown onviningly demonstrate that even for a system with N ≈ 104 the temperature
behavior of these utuations nevertheless diers markedly from the limit N → ∞ , in
whih
δn20
N
=
V ′′(ε0/T )
N
θ(TBEC − T ) = ζ(2)
ζ(3)
(
T
TBEC
)3
θ(TBEC − T ). (4.19)
5 Conlusion
As we have said, in the standard theoretial treatment of the BEC problem the trap is a
three-dimensional box with, importantly, a xed volume. In this ase the Bose ondensate
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u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t
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orresponds [see Eq. (4.15)℄ to the leading asymptoti
ontribution f(0) , 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ludes the asymptoti orretion f ′′(0) .
formation temperature (on the quantum sale τ = T/~ωbox ) has the form
τboxBEC =
(
N
ζ(3/2)
)2/3
, (5.1)
while in the problem onsidered above, for a trap in whih the onning potential is
quadrati and the volume is not xed,
τ trapBEC =
(
N
ζ(3)
)1/3
. (5.2)
As is seen from Eqs. (5.1) and (5.2), the dependene of the BEC temperature on the
number of partiles in the system is signiantly dierent in these two ases. For the box
the harateristi energy is expressed in terms of the volume V of the system and the
mass M of the partile in the following way:
~ωbox =
π2~2
2V2/3M
. (5.3)
In the magneti trap the volume is not xed and, moreover, it hanges with hanging
temperature. We dene the eetive size of the system in a trap with a quadrati onning
potential as the amplitude of the osillations of an osillator with energy equal to the
temperature T . Then
V
eff ≃ 4π
3
(
T
Mω2
)3/2
. (5.4)
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Now, after expressing the number of partiles in terms of the partile density ρ (N = ρV)
and substituting Eq. (5.3) into (5.1) and (5.4) into (5.2), we nd for TBEC in the two
ases
T boxBEC =
π2~2
2M
(
ρ
ζ(3/2)
)2/3
,
T trapBEC =
~
2
M
(
4πρ
3ζ(3)
)2/3
.
(5.5)
It follows from (5.5) that in the language of partile number density the the temperatures
of BEC in the box and trap are lose not only qualitatively but also quantitatively:
T boxBEC
T trapBEC
=
1
2
[
3π2ζ(3)
4ζ(3/2)
]2/3
≃ 1.13. (5.6)
On the whole, it should be emphasized one again that BEC is rightfully onsidered to
be one of the fundamental disoveries of theoretial physis. Its learest trait is not simply
the aumulation of a marosopi number of partiles in the ground state upon ooling
of an ideal Bose gas but the fat that this proess is a phase transformation in a system
of mutually noninterating partiles. Most likely the term Bose ondensation ame into
use beause of the analogy (whih, stritly speaking, is not entirely orret) with the
ondensation of a vapor to a liquid, whih was disussed by Einstein in his pioneering
paper [3℄.
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Although phase transformations in nature are extremely diverse, at the same time
they demonstrate surprising universality: the hange of the thermodynami properties of
a system ours abruptly when the temperature (or some other ontrollable parameter)
rosses its ritial value. From a formal theoretial physis point of view the main question
is, how, in funtions whih are initially analyti in temperature, does the singularity arise
at the ritial point Tc :
f(T,N) =
N→∞
f1(T ) θ(Tc − T ) + f2(T ) θ(Tc − T ). (5.7)
Bose-Einstein ondensation, as an exatly solvable model, gives a simple answer to this
question. For example, in the GCE the role of the smeared θ -funtion, aording to Eq.
(1.13), is played by the quantity
θ
GCÀ
(x) =
1
2
(
x√
x2 + α
GCÀ
/N
+ 1
)
, α
GCÀ
=
4ζ(2)
ζ(3)
, (5.8)
and in the CE, as follows from Eq. (4.11), by
θ
CÀ
(x) =
1
2
Erfc (−α
CÀ
√
N x), α
CÀ
=
√
ζ(3)
2ζ(2)
. (5.9)
For both representations (5.8) and (5.9) at N →∞ the limit is the ordinary θ -funtion,
but at a nite value of N they behave dierently. It is seen in Fig. 6 that θ
CÀ
is loser
to a step than θ
GCÀ
. Thus one an say that the thermodynami limit sets in somewhat
faster in the CE than in the GCE.
If as the funtion f(T,N) in (5.7) we take the spei free energy
f(T,N) = − T
N
lnZ,
then both f1(T ) and f2(T ) are idential in the two ensembles, thus implying the equivalene
of the ensembles:
f1(T ) = −ζ(4)
ζ(3)
T 4
T 3BEC
, f2(T ) = −Li4(e
µ/T )
ζ(3)
T 4
T 3BEC
. (5.10)
The hemial potential µ in Eq. (5.10) as a funtion of temperature and partile number
density is the solution of the equation
T 3Li3(e
µ/T ) = ζ(3) T 3BEC ,
where Lik(z) is the polylogarithm [see Appendix, Eq. (A.12)℄. However, the spei utu-
ations of the Bose ondensate is dierent in the dierent ensembles: in the GCE
lim
N→∞
δn20
N
=
{ ∞ ïðè T < Tc,
0 ïðè T > Tc,
and in the CE
lim
N→∞
δn20
N
=
ζ(2)
ζ(3)
T 3
T 3BEC
θ(Tc − T ).
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èñ. 6: Behavior of the smoothed θ -funtions for N = 102 . Curve 1  θ
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(x) .
In and of itself the aumulation of partiles at the lowest energy level is the diret
and rather trivial onsequene of Bose statistis, evident from the form of the formulas for
the average oupation numbers, Eq. (1.5). When one is talking about a phase transition,
however, the question of thermodynami limit must also be addressed: for example, is a
number of partiles N = 103 suient to approah it? To speak more preisely, the term
thermodynami limit is ommonly understood to mean letting the volume of the system
go to innity at xed temperature with the various densities (e.g., the partile number
density ρ ) held onstant. However, the volume, density, and temperature are dimensional
quantities: 1 meter is almost "innite"if one is measuring in angstroms. >From the point of
view of theoretial physis, any limit should be formulated in the language of dimensionless
quantities, and in the problem of BEC of an ideal gas there are only two suh quantities:
the total number of partiles in the system, N , and the temperature on the quantum
sale, τ = T/~ω . Therefore the thermodynami limit is, rst and foremost, N → ∞ ,
and the densities should be taken as the ratios of the orresponding extensive quantities
to the total number of partiles. The asymptoti orretions to the limit N → ∞ in
the our problem are of the order of N−1/3 , so that, it would seem, the thermodynami
limit is reahed with 10% auray if N = 103 . On the other hand, however, the BEC
temperature for this number of partiles is omparable to the ground state energy ε0 (we
reall that in the given problem Tc ≃ 6ε0 at N = 103 ), and so one annot speak of a
marosopi sale of the physial quantities.
In this regard we note that when atoms of alkali metals are held in magneti traps
the proedure of preparing a oherent state of N partiles is said to involve ooling
apparently to reet its thermodynami nature. Meanwhile, neither the volume nor the
temperature nor, moreover, the spetral density of the partile number annot be ontrolled
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to the required preision beause of tehnial shortomings and for fundamental reasons:
what is the temperature on quantum sales T ∼ ε0 ? Therefore, in light of the results
presented above, there is ample justiation for onluding that the assertion that true
BEC has been observed in these undeniably outstanding experiments should be taken
with a degree of aution.
This study was supported in part by grants from SCOPES SNSF, the Frenh-Ukrainian
Program Dnepro-projet M/185-2009, PICS CNRS and the National Aademy of Sienes
of Ukraine 2009-2011, NAS Ukraine programs "Nanostrutural systems, nanomaterials,
nanotehnology 10/7-N, and also a target program of the Division of Physis and Astro-
nomy NAS Ukraine.
Appendix
The funtion W (ν) (2.10) and its derivatives W (p)(ν) is determined by series of the form
∞∑
l=0
h(l) . Separating m the rst m terms, we denote the remainder of the series as
K =
∞∑
l=m+1
h(l) (A.1)
and take an Abel-Plana transform of it. Then the series in Eq. (A.1) is transformed to
the sum of two integrals,
K = I + J, (A.2)
in whih
I =
∞∫
m+
1
2
dl h(l) , (A.3)
J = −2
∞∫
0
dx Im[h(m+ 1
2
− ix)]
e2πx + 1
. (A.4)
In order for series (A.1) to onverge, the funtion h(l) must fall o with inreasing l
not slower than l−1 . For a power-law funtion h(l) ∼ l−α its derivatives h(p)(l) behaves
at large l as l−α−p . In this ase the integral J an be evaluated with the aid of an
asymptoti expansion in inverse powers of m . We expand the funtion h(m + 1
2
− ix)
in the integrand of (A.4) in a Taylor series at the point x = 0 . For the sum of any
nite number n of terms in this expansion one an swith order of the summation and
integration and get
J ≃
n∑
l=0
(−1)lclh(2l+1)(m+ 12), (A.5)
where
cl =
1
(2l + 1)!
∞∫
0
dx x2l+1
e2x + 1
=
(1− 2−2l−1)ζ [2l + 2]
(2π)2(l+1)
. (A.6)
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We note that the optimal number of terms in the asymptoti expansion (A.5) is determined
by the form of the oeients cl . Therefore evaluation of the integral J an be done with
the aid of (A.5) to any desired auray by inreasing m .
We now use this tehnique to evaluate the logarithm of the partition funtion (2.2).
Here the funtion h(l) has the form
h(l) = g(l) ln(nl + 1), (A.7)
g(l) =
1
2
(l + 1)(l + 2), nl =
1
e(l−σ)/τ − 1 , τ =
T
~ω
, σ = ντ − 3
2
. (A.8)
Then
W (ν) =
m∑
l=0
g(l) ln(nl + 1) + I + J. (A.9)
The integral I in (A.9) is expressed in terms of the polylogarithms (Lerh funtions)
I = τ 3Li4(z) + aτ
2Li3(z) + bτLi2(z), (A.10)
where
a = g′(m+ 1
2
) = m+ 2, b = g(m+ 1
2
) = 1
2
(m+ 3
2
)(m+ 5
2
),
z = e−(m+
1
2
−σ)/τ , (A.11)
Lik(z) =
1
Γ(k)
∞∫
0
dx xk−1
ex/z + 1
=
∞∑
l=1
zl
lk
, Lik−1(z) = z
dLik(z)
dz
. (A.12)
The ontribution J in (A.9) has the form
J =
n∑
l=0
(−1)lclfl , (A.13)
where
f0 = a ln(r + 1)− bτ−1r, (A.14)
for l > 0
fl = −l(2l + 1)τ−2l+1r2l−1 + a(2l + 1)τ−2lr2l − bτ−2l−1r2l+1, (A.15)
r0 = r = nm+ 1
2
=
1
e(m+
1
2
−σ)/τ − 1 , rl = τ
l ∂
lr
∂σl
= r(r + 1)
∂rl−1
∂r
.
For alulating the asymptoti expansion of W (ν) at large τ it is suient to keep
only one term in the sum on the right-hand side of (A.9): (m = 0 in (A.1)). Then, using
the well-known asymptoti expansion of the polylogarithm for x→ 0
Li4(e
−x) = ζ(4)− ζ(3)x+ ζ(2)x
2
2
+
(
ln x− 11
6
)
x3
6
+O(x4), (A.16)
where ζ(j) is the Riemann ζ -funtion
ζ(4) =
π4
90
, ζ(3) ≃ 1.202, ζ(2) = π
2
6
,
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with auray up to terms that do not fall o with inreasing τ we nd that
I = π
4
90
τ 3 + g′(σ)ζ(3)τ 2 + g(σ)π
2
6
τ+
+1/2−σ
6
{[
g(σ + 1) + 5
2
]
ln
[1/2−σ
τ
]− 1
6
[
11(σ + 2)2 − σ − 3
4
]}
+O(τ−1).
(A.17)
Here the ontribution (A.4) takes the form
J = 2
∞∫
0
dx
e2πx + 1
Im
[
g(1
2
− ix) ln(1− e−( 12−σ−ix)/τ )] ≃
≃ ln τ
12
+ 2
∞∫
0
dx
e2πx + 1
Im
[
g(1
2
− ix) ln(1
2
− σ − ix)]+O(τ−1).
(A.18)
The asymptoti expansion for the derivatives W (p)(ν) we obtain by dierentiating expres-
sions (A.10) and (A.18) with respet σ :
W (p)(ν) =
τ p∂p
∂σp
[
ln(n0 + 1) + I + J
]
.
We note that, starting with the third derivative, expression (A.10) for I an be written
in terms of elementary funtions, sine
Li1(e
−x) = − ln(1− e−x). (A.19)
The derivative ∂J/∂σ is expressed in terms of the speial funtion ψ(z) = Γ′(z)/Γ(z) :
∂J
∂σ
= −2
∞∫
0
dv
e2πx + 1
Im
[
g(1
2
− ix)
1
2
− σ − ix
]
=
1
48
− g(σ)[ψ(1− σ)− ln(1
2
− σ)] . (A.20)
In partiular, for the derivative W ′(ν) =
∞∑
l=0
g(l)nl with Eq. (A.20) taken into aount,
we arrive at the expression
W ′(ν) = n0 + ζ(3)τ
3 + g′(σ)
π2
6
τ 2 + τg(σ)
[
ln τ − ψ(1− σ)]+
+
τ
4
(
3σ2 + 5σ − 19
6
)
+
1
6
(
1
2
− σ)[g(σ + 1) + 5
4
]− 1
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+O(τ−1). (A.21)
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